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Abstract
This paper introduces the way of the embedding of spinning particle
quantum mechanically. Schro¨dinger equation on its submanifold obtains
the gauge eld as spin connection, and it reduces to the ones obtained by
Ohnuki and Kitakado when we consider S2 in R3.
PACS numbers: 03.65
1 Hypothesis and Schro¨dinger equation
Let us consider the wave function of free spinning particle in RD as
ΨA(~x; t); (1)
where "A" is the SO(D) -spin index, and since our space is flat, its index is the
same as the coordinate index: xA when we work with the adjoint representation









Now we would like to constrain the particle motion only on MD−1 embedded
in RD . Then the spin index of wave function should reduce from SO(D) to
SO(D − 1). We write the local coordinates on MD−1 as q with f; ;    =
1;   D − 1g. The wave function on MD−1: ~Ψa(q; t) has SO(D − 1) spin index
(or saying "local Lorentz" indices) fa; b;    = 1;   D−1g in real representation.
This wave function may have the relation with original wave function as














And ha(q) is the Viel-bein dened on M
D−1 by
















where g is the induced metric on M
D−1 . This hypothesis can be considered
reasonable in the following way. Since we consider the spinning particle in real
representation, it has the vector index, that is, fA;B;   g for the wave function
in RD, and f; ;   g for the one in MD−1 which is related to the SO(D − 1)
index by viel-bein as the usual treatment of fermion in Riemannian manifold.
Our task to conne the particle with spin on submanifold is to relate these two
type of wave function. There is only one thing to relate these two index: natural
frame @xA=@q. Then we obtain the hypothesis (3). Indices f; ;   g are raised
and lowered by induced metric g ; g
 , "local Lorentz" indices fa; b;   g are
raised and lowered by ab; 
ab , and Euclidean indices fA;B;   g are also raised
and lowered by AB; 
AB . By putting (3) into (2), and multiplying fA h
b from
































where !bd; is the spin connection which is related to the "local Lorentz" sym-
metry hidden in (5) , that is, the local SO(D − 1) rotation on each tangent
spaces attached on MD−1, and its form is the same as the ones dened by usual
vier bein hypothesis as











Notice that once we obtained the Schro¨dinger equation (8), we can change to the
general representation by using the spin matrix S except the last term. Then

















Here nA is the normal unit vector to MD−1. The set fAi = fn
A; fA g (i =















The latter relation was utilized to derive (8). Note that this kind of h2-quantum
potential usually appears in the precise treatment of embedding, and we do not
devote to this point in this paper [1],[2],[3]. Instead we would like to take
attention here especially to the induced spin connection.
2 Form of Connection
Let us estimate the explicit form of our connection in the case of S2 in R3. We
use the metric
ds2 = gdq
dq = R2d2 +R2 sin2  d2; q1 = ; q2 = : (15)
Then we can take the following form for ha.
h11 = R cos ; h
2
1 = −R sin ; (16)
h12 = −R sin  sin ; h
2
2 = −R sin  cos ; (17)
where  is the any function of  and  as the gauge choice. We calculate only
!21 in the following, since its spin index is antisymmetric. The result is that
!211 = @; !
21
2 = @ − cos : (18)
Note that we can not vanish all the connection by choosing the gauge: (; ).
Using the coordinate condition as
x1 = R sin  cos; x2 = R sin  sin; x3 = R cos ; (19)
3
~f = fA takes the form.
~f 1 = R−1(cos  cos; cos  sin; − sin ); (20)







Then the induced gauge eld: ~A  !21 ~f
 takes the form:
~A = R−1[cos  cos @ +
sin
sin 
(cos  − @);
cos  sin @ −
cos
sin 
(cos  − @); − sin  @]: (22)









This structure of gauge eld may be universal in the kind of embedding like
SD−1 in RD. Really this kind of gauge eld with embedded particle on SD−1
was rstly obtained by Ohnuki and Kitakado in dierent way [4]. From the
above consideration, we conclude that their gauge eld will be essentially the
same as the spin connection for the spinning particle embedded on SD−1 .
3 Discussion
Lastly we would like to give some comments to our starting hypothesis. There
are three kinds of embedding procedure. One is due to the Dirac’s one [2] (re-
duced phase space method) where all the normal degree of freedom is frozen in
each operator variables. Another one is due to the Schro¨dinger equation with
conning potential method (abbreviated as CP approach hereafter)[1], where
all the normal degree of freedom is alive as well as tangential one, and the con-
nection related to the rotation of normal basis appears. The last one is due to
the group theoretical approach [4], where the geometrical connection related to
the rotation of tangential basis appears. In the case of spin less particle, we can
estimate rst two approaches and the dierence appears quantum mechanically
at the quantum mechanical potential [3], and the disappearance and appear-
ance of connection. Instead in the case of spinning particle, Dirac’s scheme can
not be used directly since there is no classical object like particle’s spin. In
CP approach there is no interesting eect for spin. This is because, in that
scheme there remains normal (to submanifold) degree of freedom, and spin can
still take any direction in RD (spin is still in the SO(D) representation). This
means that the embedding of spin can not be done in CP approach, and the
connection obtained in this article can not be obtained in that scheme.
4
In this sense, it is interesting to construct the Dirac’s embedding scheme for
spinning particle, where spin degree is also reduced onto the embedding man-
ifold, and it is expected that its result have the same form as the one in this
article. Our approach in this article and group theoretical approach is much dif-
ferent, but their physical contents may be equivalent at least when we consider
SD−1 in RD. Because both have the connection typed SO(D−1) related to the
rotation of tangential basis. The connection obtained here and its formalism is
one physical interpretation of ohnuki-kitakado’s connection.
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